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Abstract . The (n, 2n) reaction cross section calculations foi some neighbouring target nuclei either with deformation or without deformation 
have been made foi an incident energy range of 8 - 24 MeV In these calculations, the geometry dependent hybrid model and the exciton model 
(.(insisting of the effects of pre-eciuilibriuni emissions have been used The exciton model has also been used to investigate the pie-^ecjuilibriuin direct 
effects Furthermore, the experimentally measured cross sections taken from literature have been calculated using othei empirical and the semi 
cmpiiical formulae for the incoming energies which satisfy the ccmdilion = b ± 1 MeV The theoretical and expcrimcnial results for
some neighbour target nuclei with or without deformation have been compared The obtained lesults have been discussed with the available experimental 
(Jala, and found to be good in agreement.
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1. Introduction
The knowledge of (n. In) cro.ss section is very important and 
necessary in the reactor technology since a significant portion 
of the fission neutron spectrum lies above the threshold of 
(n,2n) reaction for the most of the reactor materials. Fusion 
serves an inexhaustible energy for humankind. Although there 
have been significant research and development studies on the 
inertial and magnetic fusion reactor technology, there is still a 
long way to go to penetrate commercial fusion reactors to the 
energy market. Neutronic characterization and development of 
structural materials, neutron multiplier materials, tritium breeders 
are primarily important for these types of reactors. Therefore, 
(n,2n) reactions of the selected blanket materials can play a key 
role for multiplying neutrons in reactor environment. In order to 
improve neutron economy, beryllium, lead, bismuth, zirconium 
are considered and used as neutron multiplier materials in fusion 
reactor design. In addition, thorium is a fertile fuel and can be 
transmuted to a very valuable fissile fuel to use in 
conventional nuclear fission reactors so that it is required to
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determine the precise cross sections of thorium either 
experimentally or theoretically.
For many years, it has been customary to divide nuclear 
reactions into two extreme categories. First there are very fast, 
direct reactions which on a time scale comparable to the time 
( E 10“^^  s) necessary for the projectile to traverse a nuclear 
diameter, involve simple nuclear excitations, and are non- 
statistical in nature. At the other extreme, we have the compound 
nucleus reactions which cx:cur on a very much longer time ,scale 
(= to where emissions can be treated by the nuclear 
statistical model. This process can be de.scribed adequately by 
the Weisskopf-Ewing f 1) (in 1940) and Hauser-Feshbach[2J (in 
1952) compound nucleus theories. Compound nucleus 
wavefunction is very complicated, involving a large number of 
particle-hole excitations to which statistical considerations are 
applicable. This spectra of the emitted particles are approximately 
Maxwellian, and angular distributions of emitted particles are 
symmetric about 90 degrees.
During the nineteen-fifties and sixties, evidence accumulated 
suggesting that in some nuclear reactions, it is not possible to
©20041ACS
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understand all emission processes in terms of compound 
nucleus and direct processes. Deviations from a Maxwellian 
shape for the emission spectra were observed for intermediate 
to high emission energies, with the theory under predicting data. 
The first developments were made to understand these 
observations by Griffin |3J (in 1966), who proposed the pre- 
equilibrium 'exciton modef. Pre-equilibrium processes are 
important mechanisms in nuclear reactions induced by light 
projectiles with incident energies above about 10 MeV. After 
Griffin introduced the exciton model, a series of semi-classical 
models [4-6J of varying complexities have been developed for 
calculating and evaluating particle emissions in the continuum. 
It was also shown that with some freedom in the choice of 
parameters, these models could give reasonable fit to the 
observed energy and angular distributions of the emitted 
particles. More recently, researchers have formulated several 
quantum-mechanical reaction theories [7] that are based on 
multi-step concepts and in which statistical evaporation at lower 
energies is connected to direct reactions at higher energies.
incident energy for the isotopes, ^^Fe, ^^Co, ’ ’Zr, ^"'Nb, ****Ta, 
^®^Pb, ^ ^ ^ i, and have been calculated and
compared with the experimental results.
Figure 1. The calculated and experimental (n,2n) cross section for 
^*Fe(n,2n). — exciton model plus evaporation, - - . - GDH model plus 
evaporation; o experimental data were taken from Ref.(33]; •  
experimental data were taken from Ref.[34],
The character of the nuclear deformation can be seen in the 
mass regions 150 < A < 190 and A>220. The knowledge of the 
(n,2n) cross sections belonging to deformed and/or undeformed 
region should be useful for studying the accuracy of the 
statistical model. In the previous study, comparison of theoretical 
and experimental (n,2n) cross sections for deformed nucleus in 
the mass region of 150<A<190 was made in details[8],In this 
study, by using equilibrium and pre-equilibrium reaction 
mechanisms, the (n, 2n) cross section values for some neighbour 
deformed and undeformed target nuclei between 8 and 24 MeV
Figure 2. The calculated and experimental (n, 2n) cross section lor 
^Vo(n,2n) The solid curve is exciton model plus evaporation. -  ^
GDH model plu.s evaporation, o experimental data were taken from 
Ref.f34); •  experimental data were taken from Ref.[35]
2. Exciton model
Equilibrium emission is calculated according to the Wcisskopl- 
Ewing (WE) model 11 ] by neglecting angular momentum. In the
Z r(n ,2 n )
En(MeV)
Figure 3. The calculated and experimental (n,2n) cross section for 
’*Zr(n,2n). — exciton model plus evaporation; - - - - GDH model pi«i» 
evaporation; o experimental data were taken from Ref.[36]. *
experimental data were taken from Ref.[37]; A experimental data were 
taken from Ref.[38].
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evaporation, the basic parameters are binding energies, inverse 
reaction cross section, the pairing and the level-density 
parameters.
2000 ■
1600 H
^Nb (n,2n)
number of particles and holes excited, and the exciton model 
calculations involve solving a .senes of master equations that 
describe the equilibration of an excited system through a .series 
of two-body collisions prcxlucing more complex configurations 
of particle-hole pairs. The master equation |9 | over time is
Figure 4. The calculated and experimental (n,2n) cross section for 
'*^Nb(n,2n) —  exciton model plus evaporation, - - - - GDH model plu.s 
evaporation, o experim ental data were taken from Ref [35], •  
experimental data were taken from Ref [34)
The exciton model assumes that after the initial interaction 
between the incident particle and the target nucleus, the excited 
system can pass through a series of stages of increasing 
complexity before equilibrium is reached, and emission may occur 
from these stages, giving the pre-equilibrium particles. The 
different stages of complexity are classified according to the
(IP
dt
- (n j)  -  in -2 )  Pin - 2 j ) ^ X { n ^ 2 )  P(n 42 ,/)
4 a (/i)+ W (^/i)] P{n, ( ) . (1)
where P{n, /) is probability that the excited nuclear .system exists 
in the exciton slate / / ( / /= / ;  + /i, the number of particles plus 
holes excited) at time /; X  in) and X  (n) are the internal 
transition rates for « /M 2 and n —> n -  2. respectively; 
Wf{n) IS total particle emission rate from stage n summed over 
all outgoing particles and energies. Ftxprcssions formally 
identical to the conventional Weisskopf's ones for the 
evaporation from the compound nucleus are thus obtained, with
Hgure 5* The calculated and experimental (n,2n) cross section for
‘^^’Pb(n,2n). — exciton model plus evaporation;-------GDH model plus
evaporation; •  experimental data were taken from Ref.(34).
Figure 6. The calculated and expcnmcmal (n,2n) cross section for 
(n,2n) ~~ exciton model plus cvapoiation, - - * - GDH model plus 
evaporation; o experimental data were taken from Ref |34j, •  
experimental data were taken from Ref 135).
the only difference deriving from the introduction of the densities 
of particle (p) and hole (/t) states. In order to .solve the system of 
algebraic equations (1), the algorithm proposed by Akkermans 
etal[\(^\ which gives an accurate result for any initial condition 
of the problem. The initial condition for solution of these 
equations is
P(p,h,0) = S(.p,Po)S{h,hf)), (2)
where the initial particle number isjOg = 2 and initial hole number 
is hg = 1 for nucleon-induced reactions.
It is well known that during nucleon scattering in vibrational
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nuclei, there occur processes of direct excitation of low excitation 
energy levels of collective type. At the latest specialists’ 
meetings on nuclear data calculation, it was pointed out that a 
correct description of the high-energy emission spectrum in 
neutron-induced reactions could be obtained only if direct 
processes were taken into account. The experimental evidence
Figure 7. The calculated and experimental (n,2n) cross section for
***Ta(n,2n). — exciton model plus evaporation;--------GDH model plus
evaporation; o experimental data were taken from R ef.|28), •  
experimental data were taken from Ref [31]
in support of this type of mechanism has been confirmed by the 
latest experiment with the (n, n') reactions with a very good 
resolution [11,12). In the experimental spectra, we can clearly 
see a structure of peaks which corresponds to the excitations of 
the direct type. A parametrization was adopted in Ref.[13] to 
describe this phenom enon. In accordance with this 
parametrization, the differential cross-section of neutron 
emission by the direct interaction in the (w, n )  reaction can be 
written as
de,,
(£/,) =
2fi V k„
M '
J P i
(3)
where V, /?, , are the volume of the nuclei, the radius of
nuclei and the potential well depth taken to be 48 MeV, 
respectively. = ^kaKaf[k„ -f is the coefficient of
the penetrability, and being projectile wave numbers 
inside and outside the nucleus, and (jd^  are deformation 
and energy parameters which correspond to the target nucleus 
levels of the collective type. Only the octupolar and quadrupolar 
oscillations are considered. The 0) 2 , PiJ values for even nuclei
were taken from Ref.[141. In the case of odd nuclei, on the 
assumption of a weak bond, the values corresponding to the 
neighbouring even nucleus are used. The (O^  value was taken 
from Ref.[15). The octupolar deformation parameters were 
calculated from p \ -{2 X ^\)(0 ^  fMeV]/1000. Capote e/a/.[ 13)
have replaced the function which relates the
excitation energy of the residual nucleus to the energy the 
collective state and to em ission energy, by a Gaussian 
distribution whose semi-width is chosen by taking into account 
the experimental energy resolution. The parametrization used in 
eq. (3) assumes that the direct interaction is confined to the 
surface.
3, Hybrid and geometry dependent hybrid model
The hybrid model for pre-compound decay is given by Blann 
and Vonach 116] as
d a , , ( e )
de
(4)
and
Py{£)de =  y : i x . N „ i e .  U ) IN „ { E )] ^ d e  
ll=«0
x[A,.(e)/(A,.(£) + A^.(£))]D„, (5)
where is the reaction cross section, nXv is the number of 
particle type v ( proton or neutron) in n exciton hierarchy, 
represents number of particles of the n (neutron or proton ) 
emitted into the unbound continuum with channel energy 
between e and e-^de. The quantity in the first set of square
BXMcV)
Figure 8. The calculated and experimental (n,2n) cross section for 
i82w(n,2n). — exciton model plus evaporation; - - - - GDH model plus 
evaporation; o experimental data were taken from Ref.[39]; • 
experimental data were taken from Ref.[28].
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brackets of eq.(5) represents the number of particles to be found 
(per MeV) at a given energy e for all scattering processes
leading to an nexciton configuration. isemission rateof
a particle into the continuum with channel energy e and A^(e) 
rs the intranuclear transition rate of a particle. It has been 
demonstrated that the nucleon-nucleon scattering energy 
partition function N^(E) is identical to the exciton state density 
p„{E), and may be derived by the certain conditions on N-N 
(nucleon-nucleon) scattering cross sections |17). The second 
set of square brackets in eq.(5) represents the fraction of the v 
type particles at the energy which .should undergo emission 
into the continuum, rather than making an intranuclear transition.' 
The represents the average fraction of the initial population, 
surviving to the exciton number being treated.
Figure 9. The calculated and experimental (n,2n) cross section for 
"^ ^^ Tli(n,2n). — exciton model plus evaporation, - * -  ^ GDH model plus 
evaporation, o experim ental data w eie taken from Ref.[40J, •
experimental data were taken from Ref 141].
The hybrid model was reformulated by Blann and Vonach 
[ 16], as the geometry dependent hybrid model (GDH) to crudely 
incorporate the effects of the diffuse nuclear surface sampled 
by the higher impact parameters. The differential emission 
spectrum is given in the GDH as
dOyie)
de
nX ^ '^ {2 l  + l)T,Py(l,e),
/*0
(6)
where X is the reduced de Broglie wavelength of the projectile 
and r , represents transmission coefficient for /-th partial 
wave. Using the total pre-compound neutron emi.ssion spectrum 
da^{e)jdE , the cross section which could be involved in the 
em ission o f two neutrons is calculated  as
(T2„ = [ —  , where represents the sum of the
 ^ d e
first and the second neutron binding energies.
4. Empirical and semi-empirical formulas for (n, 2n) reaction 
cross section
Q-value plays an important role on (n, 2ri) cross sections at 
given incident neutron energy E .^ However, it is essential to 
look for the dependence of (n, 2n) cross sections on the 
asymmetry parameter at a given maximal residual excitation 
energy, == +0„,2/j- 2n) reaction has been
frequently investigated in the past. Until now, a large number of 
experimental data have been published on the (n, 2n) reaction 
cross sections induced by 14 to 15-MeV neutrons (see, for 
example, the Computer index of Neutron Data bibliographic 
catalogue). Most of the experimental data arc taken at energies 
near 14-MeV neutron energy. There are several formulae 
describing the isotopic dependence of cross sections for 
different reactions at neutron energy of 14.5 MeV. The measured 
cross sections exhibit a large gradient for the lighter masses 
(Z < 30) with increasing asymmetry parameter and then become 
almost constant for medium and heavy mass nuclei (starting 
from A < 100) [18]. Recently as well as many years ago various 
attempts 119-23J were made to describe the compiled experimental 
values by relating the neutron-induced cross .sections to the 
s =(N ~ Z)/A asymmetry parameter.
Adam and Jeki [20| formulated as ( m mb)
a„.„ = 20501^1 -  0.061 ( /!" ’ + 1)“ cxp(-8.6A)j. (7)
Figure 10 illustrates the ratio of experimental to the calculated 
(n,2n) cross sections for the incident energies E  ^at which
(7*0
Figure 10. The ratios o f experimental (n,2n) cross sections to the 
present compound-nucleus calculations versus the atomic mass number 
of the target nuclei, for = 6 ± 1 MeV — the linear function
y(A) = Cfnpl^rait ~ 0.00289294/1 + 1.18765, obtained by least- squares fit to 
the data.
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the condition Uff -  E„-^Q„2n -  where is the 
excitation energy of the residual nucleus. One can see from 
FigurelO that the experimental values for the nuclides (A<100) 
without deformation and Th (A > 220) with deformation are 
about 10-15 % higher than calculated (n,2n) cross sections by 
using the Adam-Jeki formula. However, for the nuclides (150<A 
<190) with deformation they reach a value of 50-60 % higher 
than theoretical calculated results with respect to the Adam- 
Jeki formula.
Bychkov I?/« /[2 1 1 have formulated (n,2n) cross sections
as
n^,2n
ri 000 + 7.5A (7.8.V -  0.234) if  .v < 0.13 
[1000 + 7.5A (0.65 + s) if  s < 0.13 (8)
The ratio of experimental to the calculated (n,2n) cross sections 
is depicted in Figure 11. The experimental values for the nuclides 
(A<100) without deformation and Th (A>220) with deformation 
are about 30-40 % lower than calculated (n,2n) cross sections 
with respect to the formula of Bychkov et a /[21 ]. Nevertheless, 
for the nuclides (150<A <190) with deformation they reach a 
value of 10-15 % lower than the results for formula of Bychkov 
et aL
Figure 11, The ratios of experimental (n,2n) cross sections to the 
present compound-nucleus calculations versus the atomic mass number 
of the target nuclei, for t/^ , = 6 ± 1 McV. — the linear function 
y(/4) = =-'0.00110466/1 + 0.568337, obtained by least- squares
fit to the data
Konno et al [22] have suggested a phenomenological formula 
for 14.9 MeV neutrons (in mb) as follows:
'" ( ‘^ n.2/.) = 7.434 [1 -1.484 exp (-27.37 j)] (9)
Figure 12 shows the ratio of experimental to the calculated 
(n,2n) cross sections for the incident energies E for the
condition Ug = E„+Q„ 2„ = 6  + iM eV. where is the 
excitation energy of the residual nucleus. The experimental 
values for the nuclides (A<100) without deformation and the 
nuclides (150<A< 190) with deformation are about 30-40 % and 
10-15 % higher than the calculated (n,2n) cross sections 
according to the formula of Konno et al, respectively. However, 
for *’^Th they are 10-15 % lower than calculated results based 
on the formula of Konno et al.
Figure 12. The ratios of experimental (n,2ii) cro.ss sections to the 
present compound-nucleus calculations versus the atomic mass numlx’r 
of the target nuclei, foi = 6 ± I McV. — the linear function 
y W -  Cftx\il^rait = ”0 00109162i4 + 1.31654, obtained by least- .square.s lit 
to the data.
The (n,2n) reaction cross sections were also studied by 
Pearlstein [23] using the following formula,
^  n,M ^
(10)
where is the incident neutron energy and (T„, nonelaslic 
cross section. The sum of the («, n'), (n, 2n), (n,3n), etc, cros.s 
.sections belonging to this class is given the symbol
[24]
The ratio a„ u  jo„ f is empirically determined by Barr et al
= 1 -1 7 6 4  exp [-18.14 5]. (11)
The ratio of experimental to the calculated (n,2n) cross 
sections by taking the Pearlstein formula as reference is shown 
in Figure 13. Except for ^^^Th, one can see generally from this 
figure that by going from the nuclides without deformation to 
the nuclides with deformation the agreement between the 
experimental and theoretical values increases. The parameters 
used in the calculations arc given in the Table 1. Reaction Q-
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'Bible 1. Experimental cros.s sections for (n,2n) reactions at U« = 6 ± 1 MeV
Nuclear
reaction
Q,.2„ value 
(MeV)
Threshold
energy (MeV)
( N - 7 ) , £„ (MeV) Ref
J‘ Fe(n,2n) •11 19732 1 1 40675 3 14 76 ± 0W> 519 ± 41 [34]
27Co(n,2n) 27C0 -10 4535 10.6387 4 14 70 ± 0 06 820 ± 85 135]
J|Zr(n,2n)2gZr -7 1945 7.2762 10 14 80 ± 0 00 734 ± 70 137]
4iNb(n,2n) ^ N b -8 8311 8 9291 10 14 76 ± 0 06 1313 ± 99 134]
'V3Ta(n.2n) '^,Ta -7 5770 7 6197 34 14 76 ± 0  06 1856 ± 159 [28]
'V4W(n,2n) '“liW -8 064 8 110 1 3 3 14 76 ± 0 06 2017 ± 150 [2K|
^JJPb(n,2n)^JJPb -6 73779 6 77095 42 14 28 ± 0 07 1888 ±160 [34]
^?Bi(n.2n)^S5Bi -^7,4598 7 4961 42 14 76 ± 0 65 2018 ± 170 [34]
“,^Th(n,2n) -6 4381 6 4664 51 14 50 ± 0 00 1400 ± 280 [401
values and threshold energy were taken from Audi and 
Wapsira [25 J.
*'lgure 13. The ratios o f  experimental (n.2n) cross sections to the 
present compound-nucleus calculations versus the atomic mass number 
frf ihe target nuclei, for « 6 ± I MeV. — the linear function 
WA) = = -0.000477397A +1.14897. obtained by least- squares fit
•o the data.
Results and discussion
this study, (n, 2n) reaction cross sections for the isotopes 
''Pe, 59co. ^^Zr, and -^-Th have
calculated using equilibrium and pre-equilibrium reaction 
Mechanisms. The equilibrium calculations have been made by 
Weisskopf-Ewing (WE) model, while cxciton model and 
geometry-dependent hybrid model were used for pre-equilibrium
calculations. The calculations have been made in the framework 
of the GDH model using ALICE/LI VHRMORIi-82 computer ccxle 
126]. 7'hcoretical calculations have also been made in the 
framework of the exciton model using PCROSS computer code 
[13]. The calculated excitation functions have been obtained on 
the basis of the exciton model and geometry-dependent hybrid 
model. In Figures 1 to 9, the theoretically calculated (n, 2n) 
cross-section values have been compared with the experimental 
values,which were taken from Ref.[28,31,33-41).
PCROSS program c(xle, in calculations of the exciton mcxlel, 
uses the initial exciton number as = 1, thus taking into account 
the direct gamma emission. Equilibrium exciton number is taken 
equal to yfiA rE , as was suggested in Ref.[27J, after Pauli 
correction is modified. Single particle level density parameter g 
was equal to A/13 in the exciton model calculation, where A is 
the mass number. Level density expression given by Dilg et al 
128] was used in the evaporation modei calculation. Particle- 
holc state density expression reported by Williams (27) was 
used m the pre-equilibrium model calculation. The reaction 
cross-scctions and the inverse cross sections were obtained 
using the optical potential parameters by Wilmore and Hodgson 
[291, Bechetti and Greenless [30], Huizenga and Igo [311 for 
neutrons, protons and alpha particles, respectively.
In the calculations of GDH model, ALICE/LI VERMORE-82 
code uses the initial exciton number as =3. This model 
requires the initial neutron (n) and proton (p) exciton numbers. 
In the calculations for neutron induced reactions, these exciton 
num bers are given by B lann and Vonach (16) as, 
2 0 Z ^ 2 N )  ^
and 3 ~ . N and Z arc the
( 3 Z  +  2 N  +  2 Z )
neuron and proton numbers of the target nuclei, respectively. 
The standard pairing shift (zero for odd-even nuclei, delta for
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odd-odd nuclei) proposed by Blann and Bisplinghoff [26] was 
employed as the pairing correction for GDH model calculation. 
In the GDH model, the level density expression using the formula 
with mass shell corrections was used for ■'*^ Fe, ^^Co, ^‘Zr,
^®^ Pb, ^^^Bi, and ^^^Th. The Fermi-gas level density expression 
was used for ***Ta and The geometry dependence 
influences are manifested in two distinct manners in the 
formulation of the GDH model. The more obvious is the longer 
mean free path predicted for nucleons in the diffuse surface 
region. The second effect is less physically secure, yet seems 
to be important in reproducing experimental spectral shapes. 
The nuclear density distribution used in the GDH model 
is a Fermi density  d istribu tion  function , p(/?i) = 
p ,[exp (/?j -  0 /0 .5 5  fm + l]' ‘ , where p^ is the density at the 
center of nucleus, and C =  1.07 fm taken from electron 
scattering results [32]. The radius for the /-th entrance channel 
partial was defined by /?/ = X( I -HI / 2). In GDH model, the Fermi 
energies and nuclear densities are defined to impact parameter 
R ,
In this study, the exciton model for the incident neutron 
energies about 14-15 MeV is very successful for all the 
neighbouring nuclei with and without deformation nuclei (except 
^*Zr). The GDH model calculations for the same energies are 
higher than the experimental values for neighbouring nuclei with 
and without deformation nuclei. Moreover, the prediction of 
GDH model is about 10-15% higher than that of cxciton model in 
the region of f//? = £„ -f Qn,2n = ^ i  I MeV. However, GDH 
prediction of model is more successful than exciton model for 
the incident neutron energy above 15 MeV. Both models were 
used together with the Weisskopf-Ewing (WE) model for 
equilibrium calculation. The exciton model (PCROSS) code uses 
a master equation and treat equilibrium and pre-cquihbrium in a 
'unified* way. The GDH model involves incoming orbital angular 
momentum / in order to account for the effects of the nuclear- 
density distribution. This leads to increased emission from the 
surface region of the nucleus, and thus to increase emission of 
high-energetic particles.
Besides, the (n,2n) cross sections have been calculated using 
other empirical and semi-empirical formulae for the incoming 
energies which satisfy the condition '^Qn:in = 6 ± 1
MeV. All empirical and semi-empirical formulae used in this study 
are very successful for calculating (n,2n) cross section of ^ ‘^ Nb. 
However, for ^^Zr, the difference between the theoretical and 
experimental results is quite large.
Especially in the region of = 6 ± 1 MeV, there is a good 
agreement between the experimental data and the calculated 
values using Pcarlstein formula, which is a semi-empirical formula 
while other formulae considered in this study, are empirical. 
Consequently, evolution of semi-empirical formulae is very
important to understand and develop nuclear models anc 
nuclear reaction theories.
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